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Q\ , Abstract 

It was conjectured by Jackson et.al. that the finite volume effective partition function of QCD with the 
topological charge M — N coincides with the Itzyskon-Zuber type integral for M x N rectangular matrices. In 
, the present article we give a proof of this conjecture, in which the original Itzykson-Zuber integral is utilized. 

1 Introduction 

Let us start with quantum chromodynamics (QCD) with N flavors and a nonzero vacuum angle 9. Assume 
' that the quarks have masses mi, m-i, • • • , m^. We introduce the quark- mass matrix M by 

o ' 

"sj" ■ M = diag(mi, • • • ,m N ) . (1.1) 

O . 

00 , Using matrices j u , i± = 1,2, 3, 4, defined by 

74 = idiag(l, 1,-1,-1) (1.2) 

and 



Oh 

CD 

43- = -26^ , (1.3) 

the Lagrangian density in the Euclidean space is expressed as |lj 

>< 

N N' A -1 4 

L = 4-2 E E - [0UJ - ^ + iA ^1 + + «lM^ r , (1.4) 

/x,y=l a— 1 fi—1 



where 
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: txe^F^F afi . (1.5) 



We assume that the space-time constitutes the four-dimensional torus with the volume V. The winding 
number (or topological charge) v of the gauge field, which is expressed as 



v = \ d 4 xuj{x) , (1.6) 
Jv 

is a topological invariant. The partition function Z(9) is written as 

00 

2(0) = £ e iv9 Z u , (1.7) 

where Z v is the partition function in the sector with topological charge v. We consider the region in which 
the volume V is large and 

VaS<l, (1.8) 
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where a and S represent respectively the quark condensate and the quark mass scale. In the low-energy 
theory, the Goldstone bosons dominate the partition function. In the present case the Goldstone bosons are 
described by matrix fields U(x) in SU(N). The partition function takes the form 



Z = 



u(x)esu(N) 



5U exp < — d x 



r f2 



tr^C/t^t/) - crRe (exp(i6»/iV)trMC/ t ) + • • 



(1.9) 



where / is the pion-decay constant and Re means the real part. By setting U(x) = UqU\(x) and ignoring 
the non-zero modes fluctuations associated with Ui(x), we arrive at the effective QCD partition function in 
terms of the collective variable Uq 



Z= / ^(^o)exp{^crRe(e ie / Ar tr(M[/ t ))} 



(1.10) 



Hereafter we denote by \i the normalized measure with the two-sided invariance. From ( 1 . 1C ) it is deduced 
that Z v is expressed as an integral over U(N): 



Z v = 



U(N) 



dfi(U)(det Uf exp(yaRe tiMU) 



(1.11) 



In case quarks have equal masses, the t7 (iV)-integral in ( 1.11 ) is carried out in M. For different quark masses 
the explicit expression for Z v= q is obtained in J^]. The key of the derivation in || is the Itzykson-Zuber type 
integral for complex matrices 
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(1.12) 
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and ^o(^) is defined by 



/ Vi 

V2 



* = 
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(1.14) 
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(1.15) 
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There is a straightforward correspondence between Z v= q and (1.12) for M — N . What was conjectured in 
Q is that Z v for general v also corresponds to (1.12) for M = N + v. In the present article we shall give a 
proof to this conjecture. In our proof we make use of the original Itzykson-Zuber integral|3|. 



2 Correspondence between Itzykson-Zuber type Integral and Par- 
tition Function 



The correspondence between Z v and the integral ( 1.12j ) is easily certified. We assume that M > N without 
losing any generality. We set 



* = vM , 



(2.1) 



where v — Va is a real positive number and A4 is an N x M matrix such as 



( m x 
m 2 



M = 
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m N 
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Set also 



/ 1 o 
1 



3=1 



M,N 
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V o"V. 
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Then the Itzykson-Zuber type integral ( 1.12 ) becomes 



dcf 



Gm,n(M) = / dfJ,(U) d^(U')exp(RevtT{U'MUl M ,N)) 

'u(M) Ju(N) 



In case M = N the double integral in (2^4) reduces to a single integral: 



G N , N (M) = I dfi M (U) exp (Re vtv{MU)) 

'U(N) 



(2.2) 



(2.3) 



(2.4) 



(2.5) 



This is exactly the partition function Zq in the sector with topological charge v = 0. Furthermore, by giving 
examples which suggest the existence of the correspondence for general is, it was conjectured in [^| that 



Gm,n{M) = constant x Z 



M-N ■ 



(2.6) 



3 Proof of the Conjecture 

For definitencss sake we shall add a suffix which specifies the number of the flavors to the partition function 
in the sector with topological charge v, that is, 



U(N) 



dfi(U)(detU) v exp(vRe tvMU) . 



(3-1) 



By properly choosing S G SU(N) and A = diag(e la:i , e 1X2 , • ■ • , e 1XN ), where Xi G K, the matrix U G U(N) is 
expressed as 



U = SAS^ . 

The well-known transformation of the variables of the integrations B reads 



U(N) N ] -( 2 



[ d»(S)(f[ [*" dxA Hsm 



2 Jj% Jjj 



(3.2) 



(3.3) 



In terms of S and A, (3.1) is transformed to 

N , r 2rr 



wS(l' '*^-)n- 



2 Xi Xj 



dn(S)exp{vtrMSASi) . 



(3.4) 



SU(N) 



The expression (3.4) has a great advantage because the SU(N) integration is readily carried out by using the 
original Itzykson-Zuber integral(3|, 



I(A,B;/3) = / dfi(U)exp[(3trAUBU^} 

JSU(N) 



N- 



l Het /p/ 3a i b j X 
Q -N(N-l)/2 TT , _ 1! J l<».J<iV 

" 11 n ' A(a)A(6) 



(3.5) 
(3.6) 



where A is the Vandermonde determinant, for instance, 



A (a) = Y[ ( a i ~ a i) 

l<i<j<N 

Consequently there remain the integrations over N variables: 

N-l N , „27r 



z? = v -^-^ n ni n ( / dx«r** ) n » 

n=l i=l ' i<j 



2 Xj 



det {e™^ COSI '} Kj 



3<jV 



A (cos x) A (to) 



In the next place, let us examine Gm,n{M)- It can be shown that 

G m ,n(M) = Gmm(M) = J dfi M (U)exp(Re vtr(MU) 
where 

M = diag(mi, TO2, ■ • ■ , toat, 0, • • • , 0) . 

For the right-hand-side of ( |3.9| ) a similar kind of decomposition as for Z„ is possible. As a result, Gj\ 
is rewritten as 



G m< n(M) = 



-M(M-l)/2 AL , 2n x m _ det {e 1 ""' 



v ; n=l i=l v,/u 



n-n / n 



vrrij cos a; 



Sill' 



<i,j<M 



i<3 



A(cosx)A(rh) 



where 



TOi (1 < i < N) 
(N + 1 < i < M) 



We shall prove the conjecture that 



Gm,n{M) = constant x Z^_ N , 



by comparing (3.8) with (3.11). 

We start from ( [3.11 ). The fraction 



det{e^ cosxij^ 



<i,j<M 



A(cos x) A(to) 



in (3.11) is decomposed by using the Schur function S{\y as 



M 



v k * \ Uf=i cos fc ^ Xj det 



n £ tt 



- fei 



i=l \fc i= 
oo oo 



ki\ I A(cosa;) A(m) 



W V*\ dctcos fe ' Xj detmf 



T T ■■■ T TT, 

^ ^ f-^ N 11 Vfc! / A(cosir) A(to) 

oo M 



oo oo 



ll n V ( A, + } I — i i 1 

i— 1 v v 7 



„A ( +M-i 



S{\}{cosx)S{x}{m) 



Am=0 Am-i(>Am) Ai(>A 2 )i= 
For our purpose, it is important to note that the Schur functions have the property^, 



s {\}{m) = S {X }(mi,--- ,mjv,0,--- ,0) 

S{Ai,-,A N }(rai, • ■ • : ifA w +i = AAr +2 

: otherwise 



Am -0 



It follows from ( 3.16| ) that 

rW /p"™i cos £Ci \ 

aetje h<i,j<M 
A(cosir)A(m) 



M — N i—X 00 00 



i=l V A„=0 A w _i(>Ajv) Ai(>A 2 ) 



N / y\ t +M~i \ 

II (^ ( A . +M _ ^{a 1 ,-,a n ,o...,o}(cosx)5 {Aii ... iAn} (to) 



Since the notational convention of the Schur function is rather inconvenient to the discussions below, we 



introduce a function fc ^j defined by 

T (L) ( _ det{g* i }i< u < £ 

^fci.-.fcii}^!'" - a^) ■ ( ) 

The Schur function and are related by 

S{Ai,-,Ai} = ^{fci+L-l ,fc 2 +i-2,-,fct_i+l,fct} ■ (3.19) 

In terms of ,Xl), (3.17) is rewritten as 

i^af f aVmi COS Xi\ M — N ; 1 OO OO CO 

A(cos:r)A(m) " 11 (»-l)! 2^ 

w ' w A,+Af-i 



n (A, + M - "^{Ai+M-l,- ,A^+Af-iV,Af-JV-l,- ,l,0}( COS:C ) T {Ai+JV-l,--. : A N }( m ) 



2—1 X X 

M — N i — X OO OO 



i=l V fc*r=Ofc;sr-l(>fc;sr) fel(>fc2) 

ft (^T'"i V *) ^..., fcN , M _ Ar _,... 4 , 0} (cos,)TW...^ N} M • (3-20) 
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Note that 



1 i v i i j — i v 

r S.., fejv ,M-iv-i,M-iV-2,..,i,0}( cosa; )= aTc^T E (-l) P Il cosfel ^ II cos^- n -^p n+ „ , (3.21) 

where ctm is the permutation of {1, 2, ■ • • , M}. By introducing crj^ by 

&m = {P^ pm ■ Pn+i > Pn+2 ■ ■ ■ > Pm, Pi > Pi • ■ • > P N } , (3.22) 
we may express the left hand side of ( 3.21 ) in terms of T^... fejv } as 

T (M) (coszl 

= A7cos~eT E (- 1 ) Pdet { cosfc '^Ji<^<Ardet{cos M -^xp N+ J 1 < ij<M _ jv 

N M 

= E T {Z-,k N }( cosx P^> cosx P2,'-- ,cosx F jn J] ______ (3.23) 

Putting (13.11^ , ( |3.20| ) and ( |3.23| ) together we get 

„,N(N-2M+l)/2 M-l v x v N , k s 

g^(^) - m^^m n e ••• e n(|r-H r S..,^M 

' v > n—M—N tw=0lt» ,(>lt»l feiOfe>.)i=l V l ' 7 



X 



^ ) II Sln2 ^ 2 ^ E T {ki,---,k N }( C0SX Px> C0SX P2>-- ,COSX Pjv ) 



AT AT 
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M / / ,27r+ie \ „ N M - 2 Xj-x 
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i=N+l / AT+l<i<J<M i=la=N+l 



The infinitesimal positive number e is introduced to avoid the "pseudo" poles at xi — —x a . With a change of 
variables J/, = e 1Xi , the integration over {xt : N + 1 < i < M} in the last expression in (3.24) is transformed 
to the contour integral as 



dyi 

C t Vi 



2 -{M-N)(M-l)^_ 1 ^(M-N){M-N-l)/2 f[ (-\ I 

i=N+l \ ^ C 
TV M 

n (yi-y^-vi'm n f-^ 

N+l<i<j<M i=l a=N+l yayi 



(3.25) 



where C c is a circle with radius e e centered at the origin of the complex plane. Equation ( 3.2 5| ) is immediately 
integrated out: 



= 2 -(M-N)(M-l)^2 7r )M-N^_ 1 ^M-N){M+N-l)/2^ M _ N)\T\' t 



,M-N 



(3.26) 



Inserting (3.26) in (3.24) we find that 



N / k \ 
GmMM) = C (M> iv) E II ( ^i m ^ M ) T -: 



II / >h;^ ! v )\l 



N 



N—M \ rp(N) 



' {&!,••• ,k N } 



(m) 



Xj Xj (JV) 



2 {fci, ■■■,&«} 



where 



v COS Xi , COS X2, ■ ■ ■ , COS X n ) 



M-l 



The summation in ( 3.27 ) reads 



(3.27) 



(3.28) 



e n ( it 
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N—M \ rp(N) 



'{ku- ,fc^}( m ) T {£- , fcjv} (cosa;i, COSX2, • • • , coszjv) 



W / fe- 
ll*" 



A(cos x) A(to 
1 

A(coscc 



ki>k2>---kjy i—1 
N 



E II Tf TO i V_M det det { cos^ ,-,},. ^ 



TT7 — r TT m f M det I exp(wTOj cos x,- ) 1 



(3.29) 



Finally by combining (3.27) and (3.29) we obtain 

G m ,n(M) = G (M!jv) TTmf- M TT / efe.e 1 

i=l i=l ^° 



(M-JV)xi 



AT 

x sin 



2 -^j 



1 



2 A(cosa;)A(m) 



det < exp(wmi cosxj) 



(3.30) 



l<i,j<N 



which is proportional to ( |3.8| ) with v = M — N . This proves the conjecture ( 3.13| ). 



4 Discussions 



The partition function ( 1.11 ) with v = has the two-sided U(N) invariance. That makes it possible to carrry 
out the integration. If v ^ 0, the partition function is invariant under SU(N) but not invariant under U(N). 
That is, U(l) symmetry is broken. Despite an impression that the remaining SU(N) symmetry is still large, 
it is not easy to treat the partition function analytically. 

It is known that the Itzykson-Zuber type integral for rectangular matrices is derived by consider- 
ing the zero-curvature limit of the isotropic diffusion on the cosets SU(M + N)/S(U(M) x U(N)) and 
SU(M,N)/S(U(M) x U(N)). These cosets are classified as the Riemannian symmetric space of type AIH in 



the mathematical context^. We have proved in the present article the conjecture (3.13) that the partition 



functions in the sectors with non-zero topological charges equals the Itzykson-Zuber type integral for rectan- 
gular matrices up to the normalization. This correspondence makes it possible to apply a full knowledge of 
the symmetric spaces to the analysis of the sectors with v ^ 0. 
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